Abstract. Suppose that G\ and G% are roughly isometric connected graphs of bounded degree. If G\ has no nonconstant Dirichlet finite harmonic functions, then neither has Gi.
Introduction
Suppose that (Xx, dx) and (X2, df) are metric spaces. A map <j>: Xx >->• X2 is called a rough isometry (a quasi-isometry in Gromov's language [Gr] ) if the two following conditions are satisfied: there are positive constants a and b such that, for all x, y £ Xx ,
(1) a-xdx(x,y)-b< d2(cf>(x), cj)(y)) < adx(x, y) + b ;
there is a positive constant c such that, for every z £ X2, there exists x £ Xx such that (2) d2(z,4>(x))<c.
It is not difficult to see that rough isometry is an equivalence relation among metric spaces. Kanai (see [Kal, Ka2] ) proved that if Xx and X2 are roughly isometric connected Riemannian manifolds of bounded geometry, then X2 is parabolic if Xx is. This result was obtained by studying the relation between Dirichlet finite functions on the manifold and Dirichlet finite functions on certain graphs (e-nets) on the manifold. The discrete counterpart of Kanai's theorem was proved, among other results, in [MMT, Theorem 3.2] : if Xx and X2 are (the vertex sets of) two connected roughly isometric abstract graphs of bounded degree (with the usual geodesic distance on a graph), then X2 is recurrent if Xx is. Remember that a graph G is called recurrent (transient) if the simple random walk on G, which assigns equal probability of passing from a vertex to any of its neighbours, is recurrent (transient); see, e.g., [G] .
In this note we want to show that rough isometries between graphs preserve another important property: if Xx and X2 are roughly isometric connected graphs of bounded degree, and if Xx has no nontrivial harmonic functions with finite Dirichlet sum, then neither has X2.
This result was obtained in [MMT, Theorem 7.9 ] under the extra assumption that Xx satisfies an e-isoperimetric inequality (0 < e < j). Using Yamasaki's potential theory, we can establish the theorem in full generality.
We should also mention that the nonexistence of nontrivial harmonic functions with finite Dirichlet sums is equivalent to the uniqueness of currents of finite energy in infinite resistive electrical networks; see [SW, Z] . Several criteria for existence or nonexistence of nonconstant Dirichlet finite harmonic functions are known; see [SW, TI, T2, CW] .
Notation and preliminary results
For every graph G, we will denote by V (G) and E(G) the vertex set and the edge set of G, respectively. All graphs considered in this paper will be infinite connected, without multiple edges and self-loops. Moreover, we will always assume that they are of bounded degree, i.e., (3) sup deg(x) < M for some constant M, x<EV (G) where deg(x) denotes the degree of x £ V(G), i.e., its number of neighbours. The geodesic distance between two vertices x and y (length of a shortest path joining x to y) is denoted by dg(x, y). In particular, we will write x ~ y if x and y are neighbours, i.e., dG(x, y) = 1. For every graph G and every positive integer k, the A>fuzz Gk of G is the graph such that V(Gk) = V(G) and dQk(x,y) = 1 if and only if 1 < Ag(x , y) < k. It was proved in [DS] (see also [MMT] ) that G is recurrent if and only if Gk is recurrent.
Let Gi and G2 be graphs as above and let xp : V(Gx) >-► V(G2) be an application such that dGl(x,y) = 1 implies do2(xp(x), xp(y)) < 1 . Then we say that xp is a morphism from Gx to G2. Clearly, if G\ is roughly isometric to G2 , i.e., if there is a rough isometry 0 from V(Gx) to V(G2), then 0 is a morphism from Gx to Gk , with k > a + b .
If xp is a morphism from Gx to G2, we define the image G' of Gx in G2 as follows: V(G') = xp(V(Gx)), and, for every x, y £ V(Gx) with x ~ y , there is an edge [x', y'] with end points x', y' £ V(G'), x' ± y', and xp(x) = x', W(y) = y' ■ ^ is clear that G' is a subgraph of G2 satisfying the assumptions made at the beginning of this section.
We will now present some results from Yamasaki's potential theory for infinite networks, which will be needed in the sequel. All the results quoted below are contained in the papers [YI, Y2, Y3, KY] .
Let / be a real-valued function defined on the vertex set of a graph G. The Dirichlet sum of / is given by It is easily seen that D( (7) is a Hilbert space with inner product
x~y Let Iq(G) denote the linear space of all real-valued finitely supported functions on V (G) . We denote by D0(G) the closure of Iq (G) in D (G) .
After noticing that a graph (network) is parabolic according to Yamasaki's definition if and only if it is recurrent (see, e.g., [K, S, SY] ), we have the following characterization of recurrent graphs (networks).
Proposition 1 [YI, Theorem 3.2] . The following are equivalent:
(a) G is recurrent;
The subspace of all harmonic functions in D(C7) will be denoted by HD (G) . We now come to the notion of extremal length of a set of paths in G (see [KY, §2; Du] ). Let w be a nonnegative function on the edge set E(G). Its energy W(w) is defined as W(w)= £ w2(e).
eeE (G) Let P be a set of non-self-intersecting infinite paths in G.
Definition. The extremal length XG(P) of P is defined as
where the infimum in (7) is taken over the set of all nonnegative w such that f(tu) < oo and such that zZe€E[P) w(e) -1 > f°r everv Patn 7> e P (here and in the following E(P) denotes the edge set of P and V(P) the vertex set).
If a property holds for all paths in P, except for a subset of extremal length oo, we will say that the property holds for almost all paths in P. Now let P0 denote the set of all one-sided non-self-intersecting infinite paths having o as first vertex. Let / £ D(G) and P £ P0. Suppose that limf(x) exists and is finite as x -> oc along the vertices of P. Then, we denote by f(P) such a limit, i.e., f(P)= lim f(x).
X£V{P) x->oo
We have the following results due to Kayano and Yamasaki and Yamasaki [KY, Theorem 3.1, Theorem 3.3; Y3, Theorem 3.1].
Proposition 3. Let f £ D(G). Then:
(a) for almost every P £ P", f(P) = lim/(x) exists and is finite as x -> oo along the vertices of P;
(b) if f £ D0 (G) , then f(P) = 0 for almost every P £ P0 ;
(c) if f £ HD(C) is not a constant, then there is no constant y such that f(P) = y for almost every path P £ P0 .
Dirichlet finite harmonic functions
We start with a definition borrowed from Riemannian manifolds classification theory (see [Y2] ).
Definition. We say that a graph G belongs to the class <^hd if there is no nonconstant harmonic function on G with finite Dirichlet sum.
Theorem. Suppose that Gx and G2 are roughly isometric infinite connected graphs of bounded degree. If Gx £ c%D, then G2 £ <fHD • We will split the proof in three lemmas. Proof. We first prove that the norms in D( (7) It follows that
<kM2^) e i/w-zwi2
[s,t]6E (G) and hence, \\f\\D{Gk)<VkMk+x\\f\\D{G).
Therefore, D(C) contains the same functions as D(Gk) and D0(C) the same functions as Do(Gk). Assume that Gk £ cf\\o ■ Let h £ HD(C). Since Gk is transient together with G, by Proposition 2 there is a g £ D0(<j*) and a constant k such that h = g + K . Since g £ D0(C7) and by the uniqueness of Royden's decomposition License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use in D(C7), g = 0 and h = k . Hence G £ cfuD ■ The same argument proves also the converse implication. □ Lemma 2. Let G and G' be transient connected graphs satisfying (3). Suppose that there is a morphism xp of G onto G' in such a way that G' coincides with the image of G by means of xp. Moreover, suppose that there is a constant m such that, for every x, y £ V(G), xp(.x) = xp(y) implies dG(x, y) < m . Under these assumptions, if G £ tfuo, then G' £ cf^D ■ Proof. For every function /' on V(G') we define a function / on V(G) by setting (8) f(x) = f'(xp(x)) for all x £ V(G).
Let C denote the space of all Dirichlet finite functions on V(G) of the form (8). We will show that (8) defines a Banach space isomorphism of C onto D(G').
We have that
Ei/w-/mi2< E E i/w-zooi2
Let s' £ V(G') and let s £ V(G) be such that xp(s) = s'. Then xp"x(s') C {x £ V(G) : dG(x,s) < m}. Therefore, cardtp-x(s') < Mm+X and by (9) Suppose that x ~ y . Then
Clearly, dG(s, t) < 2m + 1 for every s £ {x} and t £ {y} . Hence, there exists a path with vertices s = Xq ~ xx ~ • • • ~ x" = t such that n < 2m + 1 . It follows that (13) \g(s) -g(t)\2 <(2m + l)J2 \g(Xj) -g(Xj-x)\2.
7=1
We set, for every couple of vertices zx, z2 in V(G) such that dG(zx, z2) < 2m+l,
Every edge [xx, x2] £ E(G) belongs to less than M4(m+1) sets N(zx, z2) so that by (13) above,
Taking (12) into account,
[x\,X2\€E (G) Hence, (14) D(Jfg) < (2m + l)M4m+4D(g).
Moreover, it is easy to see that 
Finally, from (14) and (16) we get (17) H^rllD(G) < VJnT+~2M2m+2\\g\\D{G).
Assume that / is a function in C n Do(C). Let /" £ £q(G) be a sequence
Therefore, our claim follows from (11). Suppose now that /' € HD(C'). Since G is transient, by Proposition 2 there is a constant k and a function g £ D0(C) such that f = g + k . If g and g' are related as / and /' in (8), we have that g' £ Do(Cr') and f' = g' + K. By the uniqueness of Royden's decomposition in D( (7), g' = 0 and f' = tc. Hence, G' £ c%D • □ Lemma 3. Let G be a transient connected subgraph of a connected graph 77 satisfying (3). Assume that the inclusion map of G into H is a rough isometry. If G£ cfHD, then H£cfHD. Proof. Let / £ HD(77). We will show that there is a constant y such that, for almost all paths P £P0 , f(x) tends to y as x -► oo along the vertices of P.
By Proposition 3(c) this will imply that / is a constant, thus proving the thesis of the lemma.
Let g denote the restriction of / to V (G) . Clearly, g £ D (G) . Let PG denote the set of all infinite paths in P0 , all of whose edges are in E(G) (we may assume o £ V(G)). Since G £ cfuD, by Proposition 2 and Proposition 3(b), there exists a constant y such that g(P) = y, for almost every path P in PG. We set P1 = {P £ P0 : f(P) = y} , P" = {7> e P0: f(P) ± y}, Pm = {P £ P0 : f(P) does not exist} , Q = P11 n PG.
Therefore almost every path P £ PG belongs to P1. Moreover, A//(Pin) = oo by Proposition 3(a). To prove the lemma we have only to show that A/y(PH) = oo (note that 77 is transient so that, by [YI, Theorem 4 .1], A//(P0) < oo).
In what follows, we will write x ~ y if dn(x, y) = 1 and x: as y if dc(x, y) = 1. Now, we will associate to every P e P" a path P in Q. (1), (2). We have by (1) dc(yn, yn+\) < adH(yn ,yn+i) + ab (18) < a(dH(yn, xn) + dH(x", x"+l) + dH(x"+x, yn+x))+ab <a(2c+ 1 +b) = p.
Note also that dH(y", y"+l) < dG(y" , yn+x) ■ Suppose y" ^ yn+l . By (18) 
Note that, for every integer r, the cardinality of the set {n : j(n) = r} is smaller than Mc+X. Then, as n -* oo, m \f(Xn) ' f(tj(n))\2 < CE \A*r) ~ f(Vr-l)\2 -0 r=l so that g(tj(")) = f(tj(n)) -* f{P) ¥" y ■ In the same way, we see that the whole sequence g(tj) tends to f(P) since, for j(n) < j < j(n + 1), we have k \f(tj) ~ f(tm)\2 < />£ LA*,) ~ AZr-l)\2 -0.
r=l It follows that the path P with vertices tj belongs to Q. Since XG(Q) = oo, by the necessary and sufficient condition for a set of paths to have infinite extremal length [KY, Lemma 2.3] , there exists a positive function w on E(G) such that (20) E w2(e) = S'(w)<oo, eeE (G) (21) E «>(*) = °° forallPeQ. We define tu* on E(H) in the following way: w*(e) = sup w(e) for all e £ E(H).
e€U (e,d) Clearly, w*2(e) < Y,eeu{e S)w2(^) ^or au> e e E(H) • Moreover, every edge e £ E(G) belongs to less than M2^1) sets U(e,d), e £ E(H). Therefore,
gives ?(w')= e w*2(e)< e E w2w e€E(H) e€E(H)eeV(e,S)
eeE (G) We now claim that (23) E w» = °° forallPeP".
Let, for every P £ P11 with vertices x" , P be the path in Q with vertices tj constructed above. For such a P, Z^g£(?)w^) = °°, by (21). For every edge [x" , xn+l] £ E(P), such that j(n) ^ j(n + 1), x~y Using Yamasaki's potential theory and the same arguments as in this paper, it is not difficult to see that our main result holds true also in the case of p-harmonic functions. Namely, if Gx and G2 are roughly isometric connected graphs of bounded degree, and if Gx has no nonconstant />harmonic functions with finite Dirichlet sum of order p (see, e.g., [SY] ), then G2 has the same property.
